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Therefore,

o0\ "
Hi(w,w) = 55 (%)
W
. & L5 & T
= [((’)V)‘l’vu) (U“)’lm) ]
i)Vs_u
[HI(W1),W0) H; (W, W)
Hi(Win, W) - Hi(Wi, W)
= h(z)h(z)"

® (s'(2)F' (y)V VF'(y) + ddiag(V
Hz(w_ w) € RMANx(M+1)N

is satisfied.

TF"(y)),
(61)

FE. Proof for Eq. (16)
From Egs. (52) and (55), we obtain

dp 020
0:” af’ a‘: s'(2)h(r). 62)
From this, Eq. (56), and Eq. (37) in [52],
o al 9wy w
H(v,v) = (60) %oh(r)
(‘”)h( +6%h(r)T (‘7”)h( )T
= §'(2)h(r)h(r)T € RIN+DX(N+1) (63)

is satisfied.

G. Proofs for Egs. (17) and (18)
From Egs. (59), (62), and Eq. (37) in [52], we obtain

a \" d ,
8W,,> —1,,,0 5VF( )

T ((3_) VF(y)+ oaﬁf’F’(y))

= Im( "(2)h(r)VF'(y) + 6 [F,(y)} ) € RWHDxN
Therefore, this yields

)

|

- [ oL . i(L)T]
()tl (JW:) v \OW. 5y
= [Hi(v,Wy) -+ H(v,W.y)]

ol
=h(z)" ® h(r)VF'(y) +46 [ ] )
@7 & (VERNTF O +8 [
Hi(v,w) € RVHDX(M+1)N
From Eq. (57), we have
Hl(wsv) = Hl(vaw)T
=h(z)® (s'(z)F'(y)fﬂh,(r)T
Hi(w,v) € R()\Irrl)i\?x(l\ul)’
where Eqs. (4), (5), and (510) in [52] have been applied.

+4 [01\" F’(y)] )e

H. Proof for Egs. (20) and (21)

Based on Eq. (63) and Eq. (14) in [52], we obtain
tr(Hy(v,v)) = 8 (2)tr(h(r)h(r)T) = &' (2)tx(h(r) Th(r))
=5 (2)h(r)Th(r) = §'(2)(1+ 7). (64)

Employing Eq. (61) and Eq. (515) in [52] leads to
tr(H;(w, w)) = tr(h(z)h(z)"

® (s/(2)F'(y) VT VF (y) + 6diag(V ) F"()))

= (1+z 2)te(s'(2)F' (y) VT VF'(y) + 6diag(VT)F" (y))
=(1+2"2)(¢ @ IF@VTI?+ V(). (65)

Furthermore, from Eq. (15) in [52], the trace for all training
data is expressed as

I
tr(Hp(a,a)) = Ztr(H,‘(a,a)), a € {w,v}.

(66)
i=1
Substituting
(Br+X"X @ Er)1r = 1+ ] 2] € R,
(Er+R"ROE/1; = [1+r[r] e R",
80 (FP2VRT) =4 o (FioF)(VeV))
= [P @)V e R,

50 (F/VT) = [6.4"w)TV7]
= [6V 5" (w)] eR™

into Egs. (20) and (21) and simplifying the terms shows that
Eq. (66) and Eqs. (20)—(21) are equivalent.

1. Proof for Eq. (22)

From Eq. (64), we obtain tr(H;(v,v)) = s'(2)(1 +r"r).
Since s(z) is a function that outputs the estimated probability
in (0, 1) according to Eq. (1), it follows that

maxs'(z) = max p(1— )=/1—1

67
z€R pe(0,1) ©h

It holds from Egs. (36), (39), (42), (45), and (48) that
sup (1+ f(y) " £(¥))
yERY

_ J N +1, f : Sigmoid/Tanh
" ] o0, f : Linear/SmoothReLU/GELU

sup (1+77r)=

Therefore, we have

1(N +1), f : Sigmoid/Tanh

tr(H;(v,v)) < .
00, f : Linear/SmoothReLU/GELU

Substituting this into Eq. (66) yields Eq. (22).
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Op _ V' (q-u)
oq Oqu
In the case of the SVM layer, from Equation 6, da(p)/dp can
be expressed by

= VT e RE*D:, (23)

I .
30’(1’) e Z iCiaK(p“p) € RIXB.
op op

That is, the gradient of the kernel function K(p;,p) is
required. From Equation 7, when adopting the linear kernel,
the gradient can be expressed by

3K(p1-,p) =p_T cR*B
op t '

(24)

i=1

K(pi,p) =pip = 25

On the other hand, from Equation 7, when adopting the RBF
kernel, the gradient can be expressed as

K(pi,p) = exp(-7|pi - p[3) =

0K (pi,p) _ dexp(—7ylpi - pl3) d(—7lp: - pl3)

op o(-vlpi - pl3) op
= 2yexp(-ylp;: - p3)(pi - p)" e R™*E, (26)

J10J09A 3.!“1"89_] vOod

Op = Ip 9q2 Oqu
oz’ dq, 0q, Ozt

10309A ammaj vod

t-th feature map

3. Visualized Jacobian computed from a CNN trained on the Dog
at dataset, as described in Section VI. The red and blue paths represent
Ive and negative gradients, respectively. The width of each path represents
bsolute value of the gradient.
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Algorithm 1 EVI-GPBO (Proposed Method)

observation set

, XN, YN}

Input: Initial Dy
{x1,31),---

O
Output: Solution x*
1: V(@ « 1ogv©®, Eq. 19
2 N < |Dy|
3: fort=0to T — 1do

fort/ =0to7' — 1do
pA+D ) +r 3L1'v,’Drl

av

v« exp (v' (T')), Eq. 20

B < % [y Vile; ¥T))dx, Egs. 26, 40, and 45
xp41 < argmax A, (x; B, v7"), Eq. 10
xew

4
5
6: end for
7
8
9

€
100 yip,|+1 < f(x|p,|+1) + €, Eq. 11
11: Dy < Dy U{(x|D,|+1, YD 1+1)}, Eq. 13
12: ¥ «— ¥ \ {xlDtl‘H}
13: end for
14: x? <~ XxpS.t i* « argmax y;, Eq. 14
ieN<nyT
15: return x”

BO iterations 7, gradient
iterations 7', learning rate r, weight coefficient z, search
space W, integration range X, initial kernel parameters

Eq. 23

yexp('®))’

1
xX=x— 2 i +x7), (36)
Equation 28 can be represented as

k*(x, xi, x;)

= (on(- %)) o (-2 )7 )

2
= 3 (k(xi, x)) — 98,1) exp ( , (x*)T (x*)) . 37

With this substitution, the integration range changes from X
to
d
x; = [T [ep™ o], = x5,

p=1

(38)

where, (x3)" = x20 — 3 (xj, + xjp) and (x3)P = xmax —
% (x;p + ij). The Jacobian matrix with respect to x* can be

renracentad ac

— erf| |2 (xmin — X2t ) 1)
n\" 2
erf[z] is a Gaussian error function, which is defined as
erf[z] i= — exp(—tz)dt. 42)

f

Note that when transforming Equation 40, we use the
following relationship:

)™
[ = (r57) o5
[ e
(xt)mm
U 2 *\ymax 2 Fymin
=% |ef ;(xp)ij —erf ;(xp),-j . @3)
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